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Textversionpublisher
Kyoto University
$Sp(2, \mathrm{R})$ Whittaker Novodvorsky
(Tomonori Moriyama)
50. .
$\mathrm{G}=GSp(2)$ , $\mathrm{Q}$ 2 $F$
$\mathrm{G}_{\mathrm{A}}$ , Whittaker $1_{F}$
$F$ ,
$F$ 4 L (spinor L ) , s-
,
spinor $L$- , $s$- ,
,
, Novodvorsky [No, \S 1] spinor $L$- (Novodvorsky
) Novodvorsky , $\mathrm{G}$ $\mathrm{N}$
Fourier , Whittaker ,
$\mathrm{G}_{\mathrm{R}}=GSp(2, \mathrm{R})$ Whittaker Meffin-Barnes
([MO-I],[M02]) Novodvorsky
, ( 4)
$GSp(2)_{\mathrm{A}}$ spinor $L$- , Andrianov
[An] ( , [Ps] ) Murase-Sugano[MS]
, Andrianov [An]
, , Arakawa [Ar] ( ), Hori
[Ho] ( spherical , ), Miyazaki
[Mi] ( ) ,




(1.1). . , $\mathrm{G}$ 2 similitude symplectic
:
$\mathrm{G}=GSp(2):=$ {$g\in GL(4)|{}^{t}gJ_{4}g=\nu(g)J_{4}$ for some $\nu(g)\in \mathrm{G}_{m}$ }, $J_{4}=$ ,
$\mathrm{G}$
$\mathrm{Q}$ $\Pi\epsilonarrow A^{eusp}(\mathrm{G}_{\mathrm{Q}}\backslash \mathrm{G}_{\mathrm{A}})$ $\mathrm{G}_{\mathrm{A}}$
( $A^{\mathrm{c}usp}(\mathrm{G}_{\mathrm{Q}}\backslash \mathrm{G}_{\mathrm{A}})$ ) $\omega_{\Pi}$ : $\mathrm{A}^{\mathrm{x}}/\mathrm{Q}^{\mathrm{x}}arrow \mathrm{C}^{\mathrm{x}}$
central character ( $\Pi(z1_{4})=(v_{\Pi}(z)\mathrm{i}\mathrm{d}\mathrm{n})_{\text{ }}$ $\omega_{\infty}\in \mathrm{C}$ $\omega\Pi(z_{\infty})=z_{\infty}^{\mathrm{I}\theta}\infty$




$\ovalbox{\tt\small REJECT}\otimes\sim\Pi_{v}$ GQ $v$
, $\mathrm{A}\mathrm{J}$ , $v$ ( ) Whittaker
$\ovalbox{\tt\small REJECT}$
A2 $\Pi_{\infty}$ $Sp(2, \mathrm{R}):=\{g\in \mathrm{G}_{\mathrm{R}}|\nu(g)=1\}$ (D.Vogan )
( $=\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}$ in the sense of Vogan) $D(\lambda_{1},\lambda_{2})$ $D_{(-\lambda_{2},-\lambda_{1})}$
$(\lambda_{1}, \lambda_{2})\in \mathrm{Z}^{\oplus 2}$ $1-\lambda_{1}<\lambda_{2}<0$
, (z\infty 14) $=\theta_{\infty}\infty \mathrm{i}\mathrm{d}(z_{\infty}\in \mathrm{R}_{>0})$
\sim
spinor $L$- $L(s, \Pi)$ $\epsilon-$ $\epsilon(s, \Pi)$ ,
$L(s, \Pi):=\prod_{p<\infty}L(s, \Pi_{p})$ $\epsilon(s, \Pi):=(-1)^{\lambda_{1}}\prod_{p<\infty}\epsilon(s, \Pi_{p}, \psi_{p})$
, $L(s, \Pi_{p})$ $\epsilon(s, \Pi_{p},\psi_{p})$ - 3
L , $\epsilon-$ , $L(s, \Pi_{p})$ 4
Euler , $\epsilon(s, \Pi_{p}, \psi_{p})=1$ , $L(s, \Pi)$ ${\rm Re}(s)>$
$(5-{\rm Re}(\omega_{\infty}))/2$ r-
$L(s, \Pi_{\infty}):=\Gamma_{\mathrm{C}}(s+\frac{\omega_{\infty}}{2}+\frac{\lambda_{1}-1}{2}+\frac{\lambda_{2}}{2})\Gamma_{\mathrm{C}}(s+\frac{\omega_{\infty}}{2}+\frac{\lambda_{1}-1}{2}-\frac{\lambda_{2}}{2})$
spinor L $\hat{L}(s, \Pi)$
$\hat{L}(s, \Pi):=L(s, \Pi_{\infty})\cross L(s, \Pi)$
$F\in\Pi$
$\tilde{F}(g)=\omega_{\Pi}(\nu(g))^{-1}F(g\eta)$ , $\eta:=$ $\in \mathrm{G}_{\mathrm{Q}}$ ,
, $\tilde{\Pi}:=\{\tilde{F}\in A^{\mathrm{c}u\epsilon p}(\mathrm{G}_{\mathrm{Q}}\backslash \mathrm{G}_{\mathrm{A}})|F\in\Pi\}$ A.l, A.2
, $\tilde{\Pi}=\otimes_{v}’\tilde{\Pi}_{v}$ , $\mathrm{G}_{\mathrm{Q}_{v}}$ $\tilde{\Pi}_{v}$
$v$
( $v$ , [TB, Proposition 23] ,
$D_{(\lambda_{1},\lambda_{2})}$ $D_{(-\lambda_{2},-\lambda_{1})}$ ) , $\tilde{\Pi}$ ,
II 0) A1, A2 , $L(s, \tilde{\Pi}):=\prod_{p<\infty}L(s,\tilde{\Pi}_{p}),$ $L(s,\tilde{\Pi}_{\infty})$
$\hat{L}(s,\tilde{\Pi})$
:
1. , A.l A2 ,




(1.2) $Sp(2, \mathrm{R})$ . , Harish-Chandra
, $Sp(2, \mathrm{R}):=\{g\in \mathrm{G}_{\mathrm{R}}|\nu(g)=1\}$ (
, [Kn, Ch. VII] )
$G:=Sp(2, \mathrm{R})$ $K=Sp(2, \mathrm{R})\cap O(4)$ $K$
$U(2):=\{g\in GL(2, \mathrm{C})|{}^{t}\overline{g}g=I_{2}\}$ $u:U(2)\cong K$
$u:U(2)\ni A+\sqrt{-1}B\vdash*(\begin{array}{ll}A B-B A\end{array})\in K$, $(A, B..\in M(2, \mathrm{R}))$ .
, $\otimes_{\mathrm{R}}\mathrm{C}$ [ ,
$\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{C}}(\mathfrak{l}_{\mathrm{C}}, \mathrm{C})$
$\mathfrak{l}_{\mathrm{C}}^{*}$ $u$ $u_{*}$ : $1$ ( $2$ , C) \cong e
,
$T_{1}:=u_{*}((_{0}^{\sqrt{-1}}0)\mathrm{o})$ ; $T_{2}:=u_{*}((_{0}^{0} \sqrt{-1}0))$ ,
, $\mathrm{t}:=\mathrm{R}T_{1}\oplus \mathrm{R}T_{2}$ Cartan subalgebra o
$\mathrm{t}_{\mathrm{C}}^{*}$
$\mathrm{C}$- $\{\beta_{1}, \beta_{2}\}-$ $\beta_{\dot{l}}(T_{j})=\sqrt{-1}\delta_{\dot{l}j}(1\leq i,j\leq 2)$ . ( $\mathrm{c}$ , $\mathrm{t}_{\mathrm{C}}$ )
$\Delta=\Delta(9\mathrm{c}, \mathrm{t}\mathrm{c})$ $\Delta(\mathrm{g}_{\mathrm{C}}, \mathrm{t}_{\mathrm{C}})=\{\pm 2\beta_{1}, \pm 2\beta_{2}, \pm(\beta_{1}\pm\beta_{2})\}$ $\Delta$
$\Delta^{+}$ $\Delta^{+}:=\{2\beta_{1}, \beta_{1}+\beta_{2},2\beta_{2}, \beta_{1}-\beta_{2}\}$
$\Delta_{c}:=\{\pm(\beta_{1}-\beta_{2})\}$ \Delta c+:=\Delta l\cap \Delta .
$K$ $\Delta_{c}^{+}$ $q_{1}\beta_{1}+q_{2}\beta_{2}=(q_{1}, q_{2})(q:\in$
$\mathrm{Z},$ $q_{1}\geq q_{2})$ , $(q_{1}, q_{2})\in \mathrm{Z}^{\oplus 2},$ $(q_{1}\geq q_{2})$ \Delta e+[
$q_{1}\beta_{1}+q_{2}\beta_{2}$ $K$ $\tau$ T
, $\tau=\tau_{(q_{1},q_{2})}$
, $\Delta_{\mathrm{c}}^{+}$ $\Delta$ 4 :
$\Delta_{I}^{+}=\{(1, -1), (2,0), (1,1), (0,2)\}$; $\Delta_{II}^{+}=\{(1, -1), (0, -2), (2,0), (1,1)\}$ ;
$\Delta_{III}^{+}=\{(1, -1), (-1, -1), (0, -2), (2,0)\}$ ; $\Delta_{IV}^{+}=\{(1, -1), (-2,0), (-1, -1), (0, -2)\}$.
$J\in\{I, II, III, IV\}$ ,
$J$ $:=\{\Lambda=(\Lambda_{1}, \Lambda_{2}\rangle|\langle\Lambda,\beta\rangle>0, \forall\beta\in\Delta_{J}^{+}\},$ $\Delta_{J,n}^{+}:=\Delta_{J}^{+}\backslash \Delta_{c}^{+}$
, $\bigcup_{I\leq J\leq IV-J}--$ $Sp(2, \mathrm{R})$
$\Lambda\in--J-$ $Sp(2, \mathrm{R})$ $\pi_{\Lambda}$ , $\Lambda$ $\pi_{\Lambda}$ Harish-
Chandra $\pi_{\Lambda}$ Blattner $\lambda_{\min}$ $\lambda_{\min}:=\Lambda-\rho_{\mathrm{c},J}+\rho_{n,J}$
, $\rho_{c,J}:=\sum_{\beta\in\Delta_{J,\mathrm{c}}}\beta$ $\rho_{n,J}:=\sum_{\beta\in\Delta_{J,n}}\beta$ $\pi_{\Lambda}|_{K}$
K-
$\lambda_{\min}+\sum_{\alpha\in\Delta_{J,n}^{+}}m_{\alpha}\alpha$
, $m_{\alpha}\in \mathrm{Z}_{\geq 0}$ ,
, $\tau_{\lambda_{m}}:n$ $\pi_{\Lambda}|_{K}$ 1 , $\pi_{\mathrm{A}}$ K-
K- $\tau_{(q_{1},q_{2})}$ $Sp(2, \mathrm{R})$ $D_{(q_{1},q_{2})}$
$Sp(2, \mathrm{R})$
$\pi_{\Lambda}$ , $\Lambda\in--II-\cup--III-$ , (Vogan )
$\text{ }$
$\Lambda\in--II-$ (resp. $–III-$ ) , $\pi_{\Lambda}=D_{\Lambda+\langle 1,0)}$ (resp. $\pi_{\Lambda}=D_{\Lambda+(0,-1)}$ )
$Sp(2, \mathrm{R})$
$\pi_{\Lambda}$ , $\Lambda\in--I-\cup^{-}--IV$ ( )
3
A2 , $\Pi_{\infty}$ ( )
, Novodvorsky , $\Pi_{\infty}$ Whittaker
( , , Kostant [Kos, Theorem 681]
), Whittakerk 1 $F$
\S 2. Novodvorsky .
, Novodvorsky Novod-
vorsky ( [No, 51], [Bu-l, fi3], [TB]
).
(2.1) . $F\in A^{\epsilon \mathrm{u}s\mathrm{p}}(\mathrm{G}_{\mathrm{Q}}\backslash \mathrm{G}_{\mathrm{A}})$ $F$ Novod-
vorsky







, $\mathrm{e}_{\mathrm{A}}$ : $\mathrm{A}/\mathrm{Q}arrow \mathrm{C}^{(1)}$ $\mathrm{e}_{\mathrm{A}}(t_{\infty})=\exp(2\pi\sqrt{-1}t_{\infty})(t_{\infty}\in \mathrm{R})$
mlditive character $F$ ,
$s\in \mathrm{C}$ $s\in \mathrm{C}$
(2.2) Whittaker . $F$ Whittaker $1_{F}$
$\mathrm{G}$













, $\mathrm{G}_{\mathrm{A}}$ $F$ Whittaker )$\mathcal{W}_{F}$ : $\mathrm{G}_{\mathrm{A}}arrow$
$\mathrm{C}$
$\mathcal{W}_{F}(g):=\int_{\mathrm{N}_{\mathrm{Q}}\backslash \mathrm{N}_{\mathrm{A}}}F(ng)\psi(n^{-1})dn$ , $g\in \mathrm{G}_{\mathrm{A}}$ ,
A.l , ( , ) $F(\neq 0)\in$
$\mathcal{W}_{F}\not\equiv 0$
$F\in$ $\otimes_{v}’\Pi_{v}$ $F=\otimes’\xi_{v}^{F}$ , $F$
decomposable $v$ [ $\psi$ $\mathrm{N}_{\mathrm{Q}_{v}}$ $\psi_{v}$ ,
$\Pi_{v}$ $\psi_{v}$ Whittaker Wh $(\Pi_{v}, \psi_{v})$ Whittaker
( [$\mathrm{R}$ , Theorem 3], [Wa, Theorem 8.8(1)] ,
4
[Sh, Theorem 3.1] ) , $F$ decomposable Whittaker $\mathcal{W}_{F}$
Whittaker $\ovalbox{\tt\small REJECT}$
$\mathcal{W}_{F}(g)=\prod_{v}\mathcal{W}_{F}^{(v)}(g_{v})$ , $g=(g_{v})\in \mathrm{G}_{\mathrm{A}}$ , $\mathcal{W}_{F}^{(v)}\in \mathrm{W}\mathrm{h}(\Pi, \psi_{v})$ .
, $Z_{N}^{(v)}(s, \mathcal{W}_{F}^{(v)})$
$Z_{N}^{(v)}(s, \mathcal{W}_{F}^{(v)})=$Q )$|y|_{v}^{s-3/2}$
, (Basic identity) ( 1 )
2(Novodvorsky ?). $F\in\Pi$ decomposable
$Z_{N}^{(\infty)}(s, \mathcal{W}_{F}^{(\infty)})$ ${\rm Re}(s)>\sigma_{0}$ ( $\sigma_{0}\in \mathrm{R}$ )
,
(i)
$(\star)$ : $\int_{\mathrm{A}^{\mathrm{X}}}$ ) $|y|_{\mathrm{A}}^{s-3/2}dxd^{\mathrm{x}}y$.
${\rm Re}(s)> \max\{\sigma_{0}, (5-{\rm Re}(\omega_{\infty}))/2\}$ $Z_{N}(s, F)$
(ii) $Z_{N}(s, F)$ :
$Z_{N}(s, F)= \prod_{v}Z_{N}^{(v)}(s, \mathcal{W}_{F}^{(v)})$ .
, ${\rm Re}(s)> \max\{\sigma_{0}, (5-{\rm Re}(\omega_{\infty})/2\}$
(2.3) , $\epsilon$- . $p<\infty$ $\pi_{p}$ $\mathrm{G}_{\mathrm{Q}_{p}}$
$\pi_{p}$ , $\omega_{\pi_{p}}$ central character . $\pi_{p}$ $g\in \mathrm{G}_{\mathrm{Q}_{p}}$
$\omega_{\pi_{p}}(\nu(g)^{-1})\pi_{p}(g)$ $\tilde{\pi}_{p}$ $\tilde{\pi}_{p}$
$\pi_{p}$
$([\mathrm{T}\mathrm{B}$ , Proposition $2.3])_{\text{ }}\pi_{p}$ Whittaker $\mathrm{W}\mathrm{h}(\pi_{p}, \psi_{p})$
$\mathrm{G}_{\mathrm{Q}}\mapsto \mathrm{G}_{\mathrm{Q}_{\mathrm{p}}}$ } $\eta\in \mathrm{G}_{\mathrm{Q}}$ $\eta_{p}\in \mathrm{G}_{\mathrm{Q}_{p}}$ , Whittaker
$W\in \mathrm{W}\mathrm{h}(\pi_{p}, \psi_{p})$ , $\tilde{W}(g):=\omega_{\pi_{p}}(\nu(g)^{-1})W(g\eta_{p})(g\in \mathrm{G}_{\mathrm{Q}_{p}})$ ,
$\tilde{W}$
$\tilde{\pi}_{p}$ Whittaker $\mathrm{W}\mathrm{h}(\tilde{\pi}_{p}, \psi_{p})$ $\pi_{p}$ L- , $\epsilon-$
:
- 3(Novodvorsky, [TB],[B] ). $p<\infty$ , $\mathrm{G}_{\mathrm{Q}_{p}}$
$\pi_{p}$ Whittaker Wh $(\pi_{p}, \psi_{p})$
(1) $Q_{\pi_{\mathrm{p}}}(0)=1$ $Q_{\pi_{p}}(X)\in \mathrm{C}[X]$
$\{Z_{N}^{(p)}(s, W^{(p)})\in \mathrm{C}(p^{-s})|W^{(p)}\in \mathrm{W}\mathrm{h}(\pi_{p}, \psi_{p})\}=Q_{\pi_{p}}(p^{-\epsilon})^{-1}\mathrm{C}[p^{-s},p^{s}]$
( )
$\pi_{p}$




(2) $p^{-s}$ $\epsilon(s,\pi_{p}, \psi_{p})=ap^{-fs}(a\in \mathrm{C}^{\mathrm{x}}, f\in \mathrm{Z})$ ,
$\frac{Z_{N}^{(\mathrm{p})}(1-s,\tilde{W})}{L(1-s,\tilde{\pi}_{p})}=\epsilon(s,\pi_{p},\psi_{p})\cross\frac{Z_{N}^{(\mathrm{p})}(s,W)}{L(s,\pi_{p})}$
$W\in \mathrm{W}\mathrm{h}(\pi_{p},\psi_{p})$
(3) $\pi_{p}$ $4\in GSp(2, \mathrm{C})$ ,
Whittaker $W^{0}$ , $Z_{N}^{(p)}(s, W^{0})$
${\rm Re}(s)>>0$ ,
$Z_{N}^{\mathrm{C}p)}(s, W^{0})=[\det(1_{4}-A_{\mathrm{p}}\cdot p^{-s})]^{-1}$
} , $L(s,\pi_{p})=[\det(1_{4}-A_{p}\cdot p^{-s})]^{-1}$ $\epsilon(s,\pi_{p},\psi_{p})=1$
(i)(3) , , $W^{0}$ ([K], [CS])
( , 2 ) , TakloO-Bighaeh[TB]
Whittaker $\mathrm{G}_{\mathrm{Q}_{p}}$ $\pi_{p}$ $L$ $L(s,\pi_{p})$
(ii) $\mathrm{G}_{\mathrm{Q}_{p}}$ $\pi_{p}$ Whittaker
, $\pi_{p}$ ([$\mathrm{B}\mathrm{M}$, Theorem 5.1],[Li, Theorem
27])
\S 3. .
(3.1) . $\Pi$ A1 A.2 $\mathrm{G}_{\mathrm{A}}$
,
$Z_{N}(s,F)=Z_{N}(1-s,\tilde{F})$ , $F\in\Pi$ ,
. decomposable $F\in\Pi$ , $p<\infty$ $Z^{(p)}(s, \mathcal{W}_{F}^{(p)})=$
$L(s, \pi_{p})$ , 2 3 ;
$Z_{N}(s, F)=Z_{N}^{(\infty)}(s, \mathcal{W}_{F}^{(\infty)})\cross L(s, \Pi)$ ,
$Z_{N}(1-s, \tilde{F})=\prod_{p<\infty}\epsilon(s, \Pi_{p},\psi_{p})\cross Z_{N}^{(\infty)}(1-s, \mathcal{W}_{\overline{F}}^{(\infty)})\cross L(1-s,\tilde{\Pi})$ ,
, $\mathrm{G}_{\mathrm{Q}}\epsilonarrow \mathrm{G}_{\mathrm{R}}$ $\eta\in \mathrm{G}_{\mathrm{Q}}$ $\eta_{\infty}\in \mathrm{G}_{\mathrm{R}}$
, $\mathcal{W}_{\overline{F}}^{(\infty)}(g):=\omega_{\mathrm{n}}(\nu(g)^{-1})\mathcal{W}_{F}^{(\infty)}(g\eta_{\infty})(g\in \mathrm{G}_{\mathrm{R}})$ , Whitt er
$W\in \mathrm{W}\mathrm{h}(\Pi_{\infty}, \psi_{\infty})$ , $\tilde{W}\in \mathrm{W}\mathrm{h}(\tilde{\Pi}_{\infty}, \psi_{\infty})$
$\tilde{W}(g_{\infty})=\omega \mathrm{n}(\nu(g)^{-1})W(g_{\infty}\eta_{\infty})$ , $(g_{\infty}\in \mathrm{G}_{\mathrm{R}})$ ,
, , $\hat{L}(s, \Pi)$
:
4( ). (i) (ii) Whitakker
$W\in \mathrm{W}\mathrm{h}(\Pi_{\infty}, \psi_{\infty})$





, $\hat{L}(s, \Pi)$ :
5. $s_{0}\in \mathrm{C}$ , $\Pi_{\infty}$ ittaker $W_{[s_{0}]}$ :
$\mathrm{G}_{\mathrm{R}}arrow \mathrm{C}$ ( ) :
( ) : $Z_{N}^{(\infty)}(s, W[s_{0}])$ ${\rm Re}(s)\gg 0$ , $Z_{N}^{(\infty)}(s, W_{[s_{0}]})/L(s, \Pi_{\infty})$ $s=s_{0}$
s-
\S 3 , 4 5 ,
([M0-3] )
(3.2) Whittaker . , $\omega_{\infty}=0$
, $v_{0}\in\Pi_{\infty}$ $D_{(-\lambda_{2},-\lambda_{1})}$ $K$- $\tau_{(-\lambda_{2},-\lambda_{1})}$
, $v_{0}\neq 0$
$\Pi(u_{*}((\begin{array}{ll}0 01 0\end{array})))v_{0}=0$ , $\Pi(T_{1})v_{0}=-\sqrt{-1}\lambda_{1}v_{0}$ , $\Pi(T_{2})v_{0}=-\sqrt{-1}\lambda_{2}v_{0}$ ,
$\infty$
$v_{0}$ Whittaker
$W_{v_{0}}\in \mathrm{W}(\Pi_{\infty}, \psi_{\infty})$ , Wv 4 (i) (ii)
, $W_{v_{0}}$ $\tilde{W}_{v_{0}}$
$–\overline{\overline{\mathrm{p}}},\mathrm{E}$ , $\mathrm{G}_{\mathrm{R}}$ $A:=\{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a_{1}, a_{2}, a_{1}^{-1}, a_{2}^{-1})|a_{i}>$
$0(i=1,2)\}$ $x=(x_{1}, x_{2})$
$x_{1}:=\sqrt{4\pi^{3}}a_{1}$ , $x_{2}:=\sqrt{4\pi}a_{2}$ ,





(i) $W_{v_{0}}$ (diag($a_{1}$ , a2, $a_{1}^{-1},$ $a_{2}^{-1}$ ))
$=C \cross\exp(-x_{2}^{2}/2)\cross\int_{L(\sigma_{1})}x_{1}^{-s_{1}+\lambda_{1}+1}ds_{1}\int_{L(\sigma_{2})}x_{2}^{-s_{2}+\lambda_{2}}ds_{2}$
$\cross\Gamma(\frac{s_{1}+s_{2}-2\lambda_{2}+1}{2})\Gamma(\frac{s_{1}+s_{2}+1}{2})\Gamma(\frac{s_{1}}{2})\Gamma(\frac{-s_{2}}{2})$ ,
(ii) $\tilde{W}_{v_{0}}$ (diag( $a_{1}$ , a2, $a_{1}^{-1},$ $a_{2}^{-1}$ ))
$=C \cross(-1)^{\lambda_{1}}2^{-\lambda_{1}+\lambda_{2}}\exp(-x_{2}^{2}/2)\cross\int_{L(\sigma_{1})}x_{1}^{-s_{1}+\lambda_{2}+1}ds_{1}\int_{L(\sigma_{2})}x_{2}^{-s_{2}+\lambda_{1}}ds_{2}$
$\cross(s_{1})_{\lambda_{1}-\lambda_{2}}\cross\Gamma(\frac{s_{1}+s_{2}-2\lambda_{2}+1}{2})\Gamma(\frac{s_{1}+s_{2}+1}{2})\Gamma(\frac{s_{1}}{2})\Gamma(\frac{-s_{2}}{2})$.
( $C$ , ) $L(\sigma_{j})(j=1,2)$ $\sigma_{j}-$
$\sqrt{-1}\infty$ $\sigma_{j}+\sqrt{-1}\infty$
7
( , [MO-1], [M0-2] ) $\text{ }$ T. Oda ([O])
Whittaker
, $\phi(x_{1}, x_{2})\in C^{\infty}(\mathrm{R}_{>0}^{2})$
$W_{v_{0}}$ (diag($a_{1}$ , a2, $a_{1}^{-1},a_{2}^{-1})$ ) $=x_{1}^{\lambda_{1}+1}x_{2}^{\lambda_{2}}\exp(-x_{2}^{2}/2)\phi(x_{1}, x_{2})$
, $\phi(x)$
$\bullet$ $[\partial_{1}\ +4(x_{1}/x_{2})^{2}]\phi(x)\cdot=0;$ .




$W_{v_{0}}$ ($\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a_{1}$ , a2, $a_{1}^{-1},a_{2}^{-1})$ )






$J0$ $..A,2$ $v$ ’ $\mathrm{t}$,
, $W_{0,\nu_{1}}(t)$ ittdcer ([W-W, Ch16]) ,
Meffin
(3.3) ( ). $Z_{N}^{(\infty)}(s, W_{v_{0}})$
$Z_{N}^{(\infty)}(s,\tilde{W}_{v_{0}})$ , ${\rm Re}(s)> \frac{-\lambda-\lambda+1}{2}$






, [M0-3] , 2
7(cf. [Bu 2, Proposition 263]). $\alpha,\beta$ , ${\rm Re}(\alpha)<-1/2$
,
$\int_{-\infty}^{\infty}(1+x^{2})^{\alpha}(\frac{1+\sqrt{-1}x}{1-\sqrt{-1}x})^{\beta}dx=2^{2\alpha+2}\pi \mathrm{x}\frac{\Gamma(-1-2\alpha)}{\Gamma(-\alpha-\beta)\Gamma(-\alpha+\beta)}$ .
, $\frac{1+}{1-}\sqrt{1}\overline{\varpi-}1xx=e^{\sqrt{-1}\theta_{*}}(\theta_{x}\in \mathrm{R}, |\theta_{x}|<\pi)$ 1) , $( \frac{1+\sqrt{-1}x}{1-\sqrt{-1}x})^{\beta}=e^{\sqrt{-1}\theta_{x}\beta}$
8
8 (Barnes’ 1st Lemma [W-W, p.289]). 4 $a,$ $b,$ $c,$ $d$ $a+c,$ $a+d,$ $b+c,$ $b+$
$d\not\in \mathrm{Z}_{\leq 0}$ $1$ ,
$\frac{1}{2\pi\sqrt{-1}}\int_{L}\Gamma(a+s)\Gamma(b+s)\Gamma(c-s)\Gamma(d-s)ds=\frac{\Gamma(a+c)\Gamma(a+d)\Gamma(b+c)\Gamma(b+d)}{\Gamma(a+b+c+d)}$ .
, $L$ $\sqrt{-1}\infty$ , $\Gamma(a+s)\Gamma(b+s)$ , $\Gamma(c-s)\Gamma(d-s)$
, $+\sqrt{-1}\infty$
$\rceil$ . 2(Basic identity) . Basic identity , [Bu-l, \S 3]
,
$(\star)$ , $Z_{N}^{(p)}(s., \mathcal{W}_{F}^{(p)})$ ${\rm Re}(s)>$
$(3-{\rm Re}(\omega_{\infty}))/2$ $F\in$ central
character , $\mathrm{G}_{\mathrm{A}}^{1}:=\{g\in \mathrm{G}_{\mathrm{A}}||\nu(g)|_{\mathrm{A}}=1\}$
, $F$ Whittaker $\mathcal{W}_{F}$ $\mathrm{G}_{\mathrm{A}}^{1}$ . ,




(t1) : $\mathrm{Q}_{p}\cross \mathrm{Q}_{p}^{\mathrm{x}}\ni(x, y)\vdash+$ $\in \mathrm{C}$
$\{(x, y)\in \mathrm{Q}_{p}\cross \mathrm{Q}_{p}^{\mathrm{x}}||x|_{p}<C, |y|_{p}<C\}$ ,
$p<\infty$ $Z_{N}^{(p)}(s, \mathcal{W}_{F}^{(p)})$ ${\rm Re}(s)>(3-{\rm Re}(\omega_{\infty}))/2$
, $Z_{N}^{(p)}(s, \mathcal{W}_{F}^{(p)})$ , $\det[1_{4}-A_{p}p^{-s}]^{-1}$
, $(\star)$ ${\rm Re}(s)> \max\{\sigma_{0}, (5-{\rm Re}(\omega_{\infty})/2\}$
Basic identity , :
9. $F$ $\mathrm{G}_{\mathrm{A}}$ , $g\in \mathrm{G}_{\mathrm{A}}$ ,








Proof. $\mathrm{A}/\mathrm{Q}$ $F_{1}$ ,








,( ) $=F_{1}(0)= \sum_{\alpha\in \mathrm{Q}}\int_{\mathrm{A}/\mathrm{Q}}F_{1}(x_{3})\mathrm{e}_{\mathrm{A}}(\alpha x_{3})dx_{3}$
$\alpha=0$ Siegel
$= \sum_{\alpha\in \mathrm{Q}^{\mathrm{x}}}\int_{\mathrm{A}/\mathrm{Q}}F_{1}(\alpha^{-1}x_{3})\mathrm{e}_{\mathrm{A}}(x_{3})dx_{3}$
















10. $F$ $\mathrm{G}_{\mathrm{A}}$ , $g\in \mathrm{G}_{\mathrm{A}}$ ,






Proof. $F_{2}$ : $\mathrm{A}/\mathrm{Q}arrow \mathrm{C}$






( ) $=F_{2}(0)= \sum_{\beta\in \mathrm{Q}}\int_{\mathrm{A}/\mathrm{Q}}F_{2}(x_{2})\mathrm{e}_{\mathrm{A}}(\beta x_{2})dx_{2}$
$-\text{ }$ , 9 ,






























2. 3(3) ( ). , $\mathrm{G}$
$L\mathrm{G}^{0}$ $GSp(2, \mathrm{C})$ $\mathrm{G}$ ( )
$\mathrm{T}$ $\mathrm{T}:=\{t=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(t_{0}t_{1}, t_{0}t_{2}, t_{1}^{-1},t_{2}^{-1})|t_{i}\in \mathrm{G}_{n\mathrm{r}}(0\leq i\leq 2)\}$ $\mathrm{T}$
$X^{*}(\mathrm{T})$ $\{e_{i}|0\leq i\leq 2\}$ $e_{i}(t)=t_{i}$ $\{f_{j}|0\leq j\leq 2\}$
$X_{*}(\mathrm{T})$ $\langle e_{i}, f_{j}\rangle=\delta_{i,j}$ , $GSp(2, \mathrm{C})$
$T_{\mathrm{C}}=\{a=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a_{0}a_{1}, a_{0}a_{2}, a_{1}^{-1}, a_{2}^{-1})|a_{i}\in \mathrm{C}^{\mathrm{x}}\}$ , $X^{*}(T_{\mathrm{C}})$
$\{f_{j}’|0\leq j\leq 2\}$ $f_{j}’(a)$ $=a_{j}$ $X_{*}(T_{\mathrm{C}})$ $\{e_{i}’|0\leq i\leq 2\}$
$\langle e_{i}’, f_{j}’\rangle=\delta_{i,j}$ $(\mathrm{G}, \mathrm{T})$ )– )– ,
$\{e_{1}-e_{2}, e_{0}+2e_{2}\}$ , $\{f_{1}-f_{2}, f_{2}\}$
, $(GSp(2, \mathrm{C}),$ $T_{\mathrm{C}})$ , $\{f_{1}’-f_{2}’, f_{0}’+2f_{2}’\}$
, $\{e_{1}’-e_{2}’, e_{2}’\}$ , $X^{*}(\mathrm{T})$
$X_{*}(T_{\mathrm{C}})$
$e_{0}=2e_{0}’-e_{1}’-e_{1}’$ , $e_{1}=-e_{0}’+e_{1}’+e_{2}’$ , $e_{2}=-e_{0}’+e_{1}’$ ,
, $L\mathrm{G}^{0}\cong GSp(2, \mathrm{C})$
11
, $W^{0}\in \mathrm{W}\mathrm{h}(\pi_{p}, \psi_{p})$ $\pi_{p}$ Whittaker $W^{0}(1_{4})=$
$1$ $W^{0}$ ([Ka],[C $\mathrm{S}]$ ) $\mathrm{m}=\sum_{j}m_{j}f_{j}$ $\in$
$X_{*}(\mathrm{T})$ [ $p^{\mathrm{m}}:= \prod_{j=0}^{2}f_{j}(p)^{m_{\mathrm{j}}}\in \mathrm{T}_{\mathrm{Q}_{p}}$ [ , $W^{0}$ $p^{\mathrm{m}}$
$W^{0}(p^{\mathrm{m}})=p^{(-3m\mathrm{o}-4m_{1}-2m_{2})/2}\cross \mathrm{t}\mathrm{r}(\rho_{\mathrm{m}}(A_{p}))$
, $\rho_{\mathrm{m}}$ $\mathrm{m}\in X^{*}(T_{\mathrm{C}})=X_{*}(\mathrm{T})$ $GSp(2, \mathrm{C})$
, $\mathrm{m}=\sum_{j}m_{j}f_{j}$ $= \sum_{j}m_{j}’f_{j}’$ , $m_{j}’\in \mathrm{Z}$
, Weyl ( , [Kob, 947] ) ,
$\mathrm{t}\mathrm{r}(\rho_{\mathrm{m}}(\alpha_{0}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\alpha_{1}, \alpha_{2},\alpha_{1}^{-1}, \alpha_{2}^{-1}))$
$= \alpha_{0}^{2m_{\acute{0}}-m_{\acute{1}}-m_{\acute{2}}}\cross\frac{\sum_{\sigma\in \mathrm{Q}_{2}^{\vee}}\sum_{\epsilon_{j}=\pm 1}\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)\epsilon_{1}\epsilon_{2}\alpha_{\sigma(1)}^{1(m_{\acute{1}}+2)}\alpha_{\sigma(2)}^{\epsilon_{2}(m_{\acute{2}}+1)}}{(\alpha_{1}+\alpha_{2}-\alpha_{1}^{-1}-\alpha_{2}^{-1})(\alpha_{1}-\alpha_{1}^{-1})(\alpha_{2}-\alpha_{2}^{-1})}$
‘
, $Z_{N}^{(p)}(s, W^{0})$ , [Bu-l] ,
, 1 $(\#)$ $(x,y)$ , $\{(x,y)\in \mathrm{Q}_{p}\cross \mathrm{Q}_{p}^{\mathrm{x}}||x|, |y|\leq 1\}$
, $4=\alpha_{0}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\alpha_{1}, \alpha_{2}, \alpha_{1}^{-1}, \alpha_{2}^{-1})\in GSp(2, \mathrm{C})$
$Z_{N}^{[p)}(s, W)= \sum_{m=0}^{\infty}W^{0}(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(p^{m},p^{m}, 1,1)p^{-m(s-3/2)}$
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